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Abstract - Surface catalytic recombination of dissociated atoms in a chemically frozen multicomponent 
laminar boundary layer behind a strong, moving shock is analyzed. Chung’s problem is generalized here 
to include the effects of thermal-diffusion, diffusion-therm0 and multicomponent diffusion. 
Thermodynamically-coupled species conservation equation is solved, employing our decoupling transfor- 
mation. New solutions, including the transport cross-coupling effects, are obtained for surface distribution of 
atoms when the temperature and the atom concentration vary arbitrarily in the inviscid, dissociating gas 
stream and the surface has an arbitrary but uniform catalycity. Thermal-diffusion effects on surface 
concentration distribution of dissociated oxygen and of dissociated nitrogen are presented for various 
temperature gradients across the boundary layer. The present results indicate that thermal-diffusion effects 
may cause significant changes in surface concentration distribution for large temperature gradients and 

therefore cannot be neglected in such problems. 

NOMENCLATURE 

series expansion coefficients for the total 

enthalpy at the boundary layer edge; 
series expansion coefficients for the con- 
centration of ith species at the boundary 
layer edge ; 
elements of the inverse modal matrix, 
given in the Appendix; 
series expansion coefficients of the ii field 
at the boundary layer edge; 
=pi/p, mass fraction of species i; 
= pp/p,p,, normalized density-viscosity 
product ; 
specific heat of species i; 

Zy cicpi, specific heat at constant pressure; 
multicomponent coefficient ofdiffusion of 
species i due to concentration gradient of 
species j ; 
multicomponent thermal diffusion 
coefficient of species i; 
multicomponent coefficient of diffusion- 
therm0 due to concentration gradient of 
species i ; 
dimensionless stream function; 
enthalpy ; 
enthalpy of formation; 
= h + $u’, total enthalpy ; 
mass flux of species i, in the Y direction ; 
energy flux in the y direction; 
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coefficient of thermal conductivity; 
surface recombination specific rate 
coefficient ; 
modal matrix defined in the Appendix ; 
number of species; 
static pressure; 
Prandtl number; 
equivalent “Prandtl-Schmidt” numbers; 
Schmidt number ; 
time ; 
static absolute temperature; 
velocity component parallel to surface ; 
shock velocity ; 
velocity component normal to surface; 
coordinate along the surface; 
coordinate normal to surface ; 
transformed coordinate ; 

transformed dimensionless coordinate, 
for ij field. 

Greek symbols 

coupling coefficients ; 
coupling coefficients; 
transformed “total enthalpy-concen- 
tration field” ; 
transformed coordinate for ij field; 
diagonal matrix with elements Ii, defined 
in the Appendix ; 
eigenvalues of the matrix Q; 
viscosity ; 
density ; 
stream function ; 
transport coefficient matrix ; 
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elements of the transport coefficient mat- magnitude (or even exceeds) the familiar Fourier heat 
rix 0. flux and may be in the opposite direction. Inger [Ii] 

recently analyzed the effects of thermal-diffusion on 
Superscripts 

* dimensionless variable. 
oxygen distributions near intense fires and using a 
simple theoretical model he showed that these effects 
may cause local “over-shoots” relative to ambient 

Subscripts conditions. Another comprehensive theoretical and 

t, boundary-layer edge; experimental investigation of flame structure and 

1. species i; flame reaction kinetics carried out by Dixon-Lewis VI 

w, surface J’ = 0 or 17 = 0; al. [9,10] show that thermal-diffusion flux, for exam- 

% ) free-stream. ple hydrogen flux in a rich hydrogen + nitrogen + 
oxygen flame, may be of the same order of magnitude 
[9] or even exceeds [lo] the ordinary diffusional flux. 

1. INTRODU~ION Thermal-diffusion flux may be not only of the same 
RECOMHINATION of dissociated gas in boundary-layer order of magnitude but also in the opposite direction 
flows, induced by a strong shock wave advancing into to the ordinary diffusional flux, (for example nitrogen 
a stationary fluid bounded by a wall, is of importance flux in the above mentioned case [9]). 
in chemical diagnostics of shock tubes and in in- On the other hand, there are cases in which these 
vestigation ofexplosion process and detonation waves. coupling effects are negligible, For instance, Weihs and 
One of the most important current applications of Gal-Or [I l] analyzed the relaxation regions behind a 
surface recombination theories arises from the fact moving shock of-dissociated oxygen and ofdissociated 
that the heat-transfer measurements on the surfaces of carbon-dioxide including thermodynamic coupling 
known catalycities, can be interpreted with those effects and showed that the contribution of these effects 
theories to determine the free stream atom con- is small in the gas medium behind the shock. However, 
centration in high temperature laboratory facilities. the boundary layer along the solid wall was not 
The detailed discussion of the techniques and some of included in their analysis. In such boundary-layer 
the measurements are given in the literature [l-3]. problems the temperature of the gas medium behind 
Most accurate diagnostics are possible when the gas- the shock is raised very markedly relative to surface 
phase recombination is frozen. temperature. These steep temperature gradients across 

The general theory for the boundary layer behind a the boundary layer may cause (due to tbermal- 
moving shock has been extensively developed by diffusion) significant changes in the flux values of 
Mirels [4,5] and by Chung [6]. Chung {l] also dissociated atoms which diffuse through the boundary 
composed a comprehensive review of chemically react- layer to recombine on the surface, as indicated in the 
ing nonequilibrium boundary layers including recom- present work. In addition, due to dissociation process 
bination problems. The particular problem analyzed caused by the moving shock wave and due to surface 
by Chung [6] was concerned with strong, moving recombination, concentration gradients and diffusion 
shock waves which produce substantial amounts of fluxes may affect surface heat flux (diffusion-therm0 
dissociation behind them. The gas which is set to phenomena). Hence, it becomes necessary to include 
motion by the shock, forms a boundary layer along the these transport-coupling effects in the analysis of such 
wall. The dissociated atoms diffuse through the boun- boundary-layer problems. It is the purpose of this 
dary layer and recombine on the catalytic cold solid paper to present such an analysis. 
surface. The surface was considered to be of an 
arbitrary, constant, finite catalycity rate and the 
recombination process in the boundary layer itself was 2. GOVERNING EQUATIONS AND BOUNllARY 

assumed frozen. The streamwise distribution of atom CONDITIONS 

concentration in the inviscid flow behind the shock A strong shock wave moving along a solid wall is 

was considered to be given as an arbitrarily continuous considered. Unsteady coordinate system fixed to the 

function of the distance from the shock. However, the wall is used (see Fig. I), with an arbitrary origin, x = 0, 

cross-coupling effects of transport phenomena, i.e. where t = 0 denotes the time that the shock passes this 

thermal-diffusion, diffusion-therm0 and multicom- origin. The boundary-layer equations are valid for the 

ponent diffusion effects have been omitted in Chung’s region behind the shock, i.e. x < u,t, where u, is the 

analysis. shock velocity. We consider here a laminar multicom- 

These thermodynamic coupling effects may, under ponent compressible boundary layer which is induced 

certain operating conditions [7-lo], cause appreci- by the strong shock wave advancing into the sta- 

able changes in the vaiues of heat and mass fluxes and tionary fluid bounded by the wali. The boundary-layer 

cannot be neglected on an a priori basis, i.e. before equations are as follows: 

estimating the expected results under the expected 
operating conditions. For instance, the experimental 

continuity : 

results of Tewfik et ai. [7] show that the heat flux due ap &w dpa 

to thermodynamic coupling is of the same order of 
;ir + F + -.-- = 0 

i3t 
(11 Y 
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FIG. 1. Coordinate system for moving shock and boundary layer. 

species : 

aci aci P~+Pk&+pu$= -$(J,, (2) 

energy : 

i = 1,2,...(n - 1) 

pg+pug+p”lih= -qJ,)+p a” 0 
2 

ay ay ay 

(3) 

momentum : 

au au au a au 
P~+PuY$q+PE&=-dy -I$ 

c J 
(4) 

where the thermodynamically coupled multicom- 
ponent diffusion and energy fluxes, respectively are 

WI 
n-1 

Jip = - 1 Dij2 - DiTg (5) 
j=l 

Jqy = - kg - “il D$$ + “il hi+ (6) 
i=l i=l 

Here the effects of thermal-diffusion, diffusion-therm0 
and multicomponent diffusion are considered. 

Following Chung [6], the pressure and the stream- 
wise velocity are assumed to be constant along the 
boundary-layer edge, as it is seen from equations (2) 
and (3). The pressure and inviscid velocity behind the 
shock, in practice, vary with thedissociative relaxation 
of the gas. However, the present study is concerned 
only with strong shocks which produce a significant 
amount of dissociation, for such strong shocks the 
variation of u, and of the pressure can be neglected [6]. 
Other effects, such as variation of the concentration 
and the temperature along the boundary-layer edge, 
due to dissociation, will be considered here. As to the 
recombination process, it will be assumed that recom- 
bination takes place only on the solid surface, within 
the boundary layer, recombination will be taken as 
negligible [6]. (The existence of such flow regime was 
investigated also by Inger [12].) 

The boundary conditions for the continuity, mom- 
entum and energy equations are: at y = 0, u = 0, u = 

0, h = h,, and at y = MI : u = u, = constant, h = 
hJx,t), where the subscripts w and e refer to the wall 
and edge of the boundary layer, respectively, and the 
enthalpy h is given by 

i Is 
T 

h = 1 ci cPidT + hi” 
0 

For the species equations (2) the boundary con- 
ditions at the wall are much more complicated, since 
they are coupled, through thermal-dit?usion and 
multicomponent-diffusion terms with the solutions of 
both, the species and energy equations. At y = 0 
species boundary condition is 

= PwKiwCiw t7) 

and at y = F, 

Ci = Cie(X, t). (8) 

The RHS of equation (7) represents the rate of 
recombination of atoms on the cold wall. Assuming 
that the dissociative gas is diatomic, the recombination 
is usually a first-order chemical reaction [13, 141. The 
rate of diffusion of atoms to the wall is equal to the rate 
at which the atoms recombine at the wall. Taking into 
account thermodynamic coupling contributions, the 
diffusion flux of ith species is not only due to its 
concentration gradient but also due to the temperature 
gradient (thermal-diffusion effect) and due to the 
concentration gradients of all other components pre- 
sent (multicomponent diffusion). 

3. TRANSFORMATION OF GOVERNING EQUATIONS 
AND SOLUTION PROCEDURE 

The solution of the field-equation set, equations 
(l)-(4), is difficult since it is mutually coupled. Further- 
more, the species boundary condition, equation (7) is 
coupled to the solutions of both the species and energy 
equations through the species and temperature gra- 
dients at the wall. 
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To overcome these difficulties we first employ the 
general transformation presented in [IS], in which the 
energy and species equations are decoupled and 
transformed into a widely useful energy-species equ- 
ation. Thus, the energy and species equations (equation 
(3) and equation (2) I’ = 1,2., . (R - I)], are replaced 
by the energy-species equation 

where ij is the transformed total enthalpy- 
concentration field defined by [15] 

“-1 
ij = c ajici -t” fljr*. (10) 

i=, 

Here, I is the total enthalpy 

and aji, Bj are coefficients resulting from the diagon- 
alization of the phenomenologica~ coefficients matrix, 
and Prj is the equivalent Prandtl-Schmidt number in 
terms of eigenvalues of this matrix. (The asterisk 
denotes dimensionless values normalized by k I, the 
free-stream enthalpy.) In addition. 

” 
ci = c ‘iijcj* (12) 

j=1 

where yij and yj are defined in [ 1.51. Thus, following the 
solutions of the transformed field ij, one can arrive 
back at the physical fields ci and I. 

Next, the wall boundary conditions are to be 
expressed in terms of the ij field. For that purpose, we 
first note that the coupled diffusion flux is obtained in 
transformed form by multiplying equation (9) by yij 
and then summing over all n. Then, examining the 
nature of equation (12) we express the flux Ji,(ci, T) as 
JiY([j). The latter obeys the conservation form 
equation 

where 

Ji,(Ciy ‘I’) 5 Ji,(ij) = - 

+i 
(15) 

j= 1 

Hence, the diffusion flux of species i at the wall (u = 0) 
becomes 

(16) 

and by employing equations (5) (16) and (12). the 
species boundary conditions at the wall, equation (7). 
takes the form 

This boundary condition will be satisfied here for each 
rj, as follows 

As to the remaining continuity and momentum 
equations, we follow Chung’s [6] approach, and define 
a stream function tf+, as 

(19) 

Then, in terms of the variable 

a dimensionless stream function is introduced as [6] 

Hence, the momentum conservation equation 
becomes 

subject to the following boundary conditions : 

at t=O f=f’=O, andat j= K ,f’= 1, 

where the primes denote differentiation with respect to 
J. 

Now, toenablecomparison with Chung’s [6] results 
and to allow the new coupled solutions of the present 
study to be obtained in terms of Chung’s solutions, we 
define here for each field ij, the following dimension- 
less independent variables 

i 1 prj Is* 
'lj = ,,sc, F 

zj = PYj(pwKi&f - x)*.2 (;CP.oP,ou,)-“‘. 

(24) 

Then, the energy-species equations finally becomes 
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and according to equation (18) the wall boundary 
condition is 

at 4j = 0, J = z,Jj 
arfj 

In addition, at the outer edge of the boundary layer, 

m=O 

Here, the total enthalpy and the concentration of 
species distributions along the boundary-layer edge 
are expressed by the following series of zj, respectively 

I = I, = C a,zjm 
m-0 

and 

ci = Cie = C bim$’ 
m=a 

where, according to equation (10) 

Bh = i ajib, + 19jnm. 

i= 1 
(31) 

Thus, the multicomponent, thermodynamically- 
coupled conservation equations and boundary con- 
ditions were recast here by means of the transformed 
field ij to a mathemati~l form which is similar to 
Chung’s equation form. Hence, solutions for iiw are 
obtained here adopting Chung’s method (61. Then, to 
arrive back at the physical field, we use here equation 
(12), i.e. solutions for the surface atom concentration 
ciW are carried out through the solutions of the 
transformed field ii,,,, according to the following 
equation 

fiB* = i Yij(j**. (32) 
j=l 

4. RESUL,TS AND DISCUSSION 

To enable comparison with Chung’s [6] results, the 
same given sample of the boundary-layer edge con- 
centration distribution is considered here as 

c, = 0.9998 2 - 0.6665 22 + 0.148123 (33) 

although the present solution is valid for any arbitrary 
variation of c, (and 7’,). 

The surface atom concentration is calculated here 
using equation (32) for dissociated oxygen and for 
dissociated nitrogen for various temperature gradients 
across the boundary layer, where the normalized total 
enthalpy distribution I/I,,,, along the boundary-layer 
edge, is described here using the same coefficients that 
appear in equation (33). 

The procedure by which the coupling coeRicients 
can be determined for multicomponent mixtures is 
described in detail in [1.5]. However, the particular 
formulations for the cases that are illustrated in the 
present study, namely binary mixtures of atoms and 
homonuclear diatomic molecules, are given in the 
Appendix. 

The surface atom distribution, for variable tempera- 
ture and concentrations at the boundary layer edge, is 
presented in Fig. 2 for dissociated oxygen and for 
dissociated nitrogen. When thermodynamic coupling 
contributions are omitted from the present solution, 
the results reduce to Chung’s [6] known solution. The 
effect of temperature gradient at a certain station (z = 
1.4) is also presented (Fig. 3). The present results 
indicate that thermodynamic coupling effects, es- 
pecially the thermal-diffusion effect, may cause sig- 
nificant changes in surface concentrations for large 
temperature gradients across the boundary layer. 
These effects cannot therefore be neglected in such 
problems as those encountered with strong moving 
shocks explosion processes and detonation waves. 

It is also shown that thermal-diffusion has a greater 
effect upon the lighter gas (nitrogen in the present 
case), as seen by comparison with Chung’s uncoupled 
solution. 

In conclusion, a general analysis of thermodynamic 
coupling effects in boundary layer flows behind a 
strong moving shock has been presented. It was 
demonstrated how surface atom concentrations de- 
pend on temperature gradients across the boundary 
layer and on the molecular weight of the dissociated 
gas. 
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FIG. 2. Surface atom distribution (for variable temperature 
and concentrations at the boundary layer edge, N-nitrogen, 

O-oxygen). 
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FIG. 3. Effect of temperature differential on surface atom 
concentration for z = 1.4 (N-nitrogen, O-oxygen). 
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APPENDIX 

The explicit particular formulations for the various coupl- 
ing coefficients of binary mixtures ofatoms and homonuclear 
diatomic molecules are given. 

The transport coefficient matrix Q which is given in [ 151 
for multi-component mixtures, reduces in the case of binary 
mixtures to the following form 

(A.1) 

where the elements of this matrix are given by 

k+(h, -h,)D, r 
DI,, + 

o*,, = _________ _- 
PCPJ k+(h, -h,P,,~ 

(A.71 

lA.3) 

(A.4) 

(A.5) 

(A.61 

(A.7) 

The transport coefficients are calculated according to the 
molecular theory ofgases : D,., is evaluated on the basis of the 
Lennard-Jones model [16] and for the thermal diffusion 
ratio the modified hard-sphere model is used [17]. The 
subscripts 1 and 2 refer to the atoms and to the homonuclear 
diatomic molecules, respectively. 

The procedure by which the equivalent PrandtllSchmidt 
numbers and the coefficients aji, /Ii, yij and yi are determined is 
described in detail in [15]. However, the explicit particular 
formulations for the present studied cases, are determined as 
follows : 

Let A be the diagonal matrix with elements A,, i2 and a 
unity, which are the eigenvalues of the matrix R. A may be 
expressed as [15] 

A=M-‘RM, (A.8) 

where M is the model matrix, and M- ’ is the inverse model 
matrix with elements hij (see [15]) 

(A.9) 

Thus, the equivalent Prandtl-Schmidt numbers are de- 
fined by means of the eigenvalues of the coefficient matrix Q, 
as 

Pr, = .’ 
A L 

(A.10) 

Pr, = f 
A2 

The coefficients aji and pi are defined by means of the elements 
of the inverse modal matrix M- ’ 

and the coefficients yi and yi,j are given by 
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LES EFFETS DE LA DIFFUSION THERMIQUE DANS UNE COUCHE LIMITE 
A PLUSIEURS COMPOSANTS, CHIMIQUEMENT GELEE, AVEC UNE 

RECOMBINAISON SUR UNE SURFACE CATALYTIQUE, DERRIERE UN CHOC 
INTENSE ET MOBILE 

Rbumb ~ On analyse une recombinaison catalytique sur surface d’atomes dissociis dans une couche limite 
laminaire a plusieurs composants, chimiquement gel&a, derriere un choc intense en deplacement. Le 
probltme de Chung est generalisi pour inclure les effets de la thermodiffusion. On r&out I’equation de 
conservation des esp&ces thermodynamiquement couplees, en employant une transformation de decouplage. 

De nouvelles solutions qui in&rent les effets de transport simultanis sont obtenues pour la distribution 

superficielle des atomes quand la temperature et la concentration atomique varie arbitrairement dam le gaz 

sans viscosite, et la surface a une propriete quelconque mais uniforme de catalyse. Les effets de 
thermodiffusion sur la distribution superficielle de concentration d’oxygdne dissocit et d’azote dissocii sont 

present& pour plusieurs gradients de temperature a la traverste de la couche limite. Les resultats indiquent 
que les effets de thermodiffusion peuvent provoquer des modifications sensibles de la distribution 

superficielle de concentration pour de forts gradients de temperature et ne doivent pas Otre negligis dans de 

tels problemes. 

UBER THERMI~CHE DIFFU~ION~EFFEKTE IN EINER CHEMISCH EINGEFRORENEN, 
AUS MEHREREN KOMPONENTEN BESTEHENDEN GRENZSCHICHT MIT KATALYTISCHER 

REKOMBINATION AN DER OBERFLACHE HINTER EINER STARKEN 
DURCHLAUFENDEN STOSSWELLE 

Zusammenfassung- Es wird die katalytische Oberflachenrekombination von dissoziierten Atomen in einer 
chemisch eingefrorenen, aus mehreren Komponenten bestehenden laminaren Grenzschicht hinter einer 
starken durchlaufenden Sto@welle untersucht. Das Problem von Chung wird hier dahingehend 
verallgemeinert, da0 die Effekte der Thermodiffusion und der Mehrkomponenten-Diffusion 
mitberiicksichtigt werden. Die thermodynamisch gekoppelte Massenerhaltungsgleichung wird gel&t, indem 
unsere Entkopplungs-Transformation angewendet wird. Neue Liisungen, die die Querkopplungseffekte des 
Transports beinhalten, werden fur die Oberflachenverteilung der Atome erhalten, wenn die Temperatur und 
die Atomkonzentration willkiirlich in dem nicht-viskosen, dissoziierenden Gasstrom variieren und die 
Oberflache eine willkiirliche aber gleichfiirmige katalytische Wirksamkeit besitzt. Thermodiffusionseinfliisse 
auf die Obertlachenkonzentrationsverteilung von dissoziiertem Sauerstoff und dissoziiertem Stickstoff 
werden fur verschiedene Temperaturgradienten in der Grenzschicht angegeben. Die vorliegenden Ergebnisse 
zeigen, daJ Thermodiffusionseffekte signifikante Anderungen in der Oberflachenkonzentrations-Verteilung 
bei grofien Temperaturgradienten verursachen und deshalb bei solchen Problemen nicht vernachlassigt 

werden diirfen. 

0 TEPMO~M~~Y3MOHHbIX 3cbmEKTAX B XMMMYECKH 3AMOPOxEHHOM 
MHOFOKOMIIOHEHTHOM I-IOFPAHHHHOM CJIOE I-IPM HAJIMYMM 

KATAJIHTHHECKOH PEKOM6MHAHMM HA I-IOBEPXHOCTM 3A IIEPEMEIIIAIOUHIMC5I 
CMJ-IbHbIM CKA’IKOM YHJIOTHEHMJI 

AHHOTUIYI ~ AHaJtH3HpyeTCR noBepxHocTHaa KaTanHTWwcKaR pexoM6mraunn LuiCCOtViHpoBaHHbIX 

aTOMOB a XWMW’ieCKH 3aMOpOXreHHOM MHOrOKOMnOHeHTHOM JtaMHHapHOM nOrpaHH’tHOM CnOe 38 

CWtbHbIM nepeMemab3mHMCs CKaYKOM ynJtOTHeHkfX. YpaBHeHHe COXpaHeHHR TepMOXUHaMnWCKH CBII- 

3aHHbtX KOMnOHeHTOB pUIIa.?TCR HaUIWM MCTOIIOM HCCBI13aHHblX npeO6pa30BaHnk HOBbIe pemeHEis. 

8xnro9aromrie nepeKpecTHbre @QeKTbt nepesoca, nonyqeHbr am pacnpenenennn aroMoa no noeepx- 
HOCTH. KOraa TeMnepaTypa n KOHUeHTpatlHs aTOMOB HSMCHIIEOTCII npWi3aOJtbHO a nOTOKe HeaRJKOrO 

LlHCCOUunpyb3merO ra38, a nOBepXHOCTb WMeeT npOEi3BOJTbHym, HO OnHOpOnHylo KaTaJtnTWleCKym 

CnOCO6HoCTb. ffOKa3aHO BJtHIlHHe TepMHSeCKOfi &r@y3Hu Ha paCnpeL,eneHHe n0 nOBepXHCCTn KOH- 

ueurpaunn nriccominpoaannoro xncnopona n nriccoumipoaannoro a30Ta npn pa3nwiHbxx rpa4nenTax 

TeMnepaTypbI nOnepeK nOrpaHHVHOr0 CJtOs. ffOJty’teHHbIe pe3yJtbTaTbI CBHIleTeJtbCTBymT 0 TOM, ‘ITO 

TepMOnH@$y3nOHHbIe 3+$eKTbI MOryT Bb13bIBaTb SHa’IHTenbHbIe H3MeHeHHK B paCnpeZeneHHk4 KOH- 

UeHTpaUnn n0 nOBepXHOCTn npn 6onbumx rpanHeHTaX TeMnepaTypbr, a nO3TOMy ItOn~Hbt yWTbI- 

aaTbcs B 3anaqax TaKoro Trma. 


